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l ah le  1 Decidahility results o f  Nel 'As w ith  three types o f  clocks

Global Local F  rozen

Global D E C ID A B L E D E C ID A B L E U N D E C ID A B L E

Local D E C ID A B L E D E C ID A B L E

Frozen D E C ID A B L E

Tal)le 2 Decidability results o f  NeTAs with  th ree  types o f  clocks

T yp e  of C locks Result

local +  frozen +  1 global D E C ID A B L E

local 卞 frozen +  2 global U N D E C ID A B L E

T h e  u n d e c i d ab i l i t y  r e s u l t s  a r e  g a i ne d  by  e n c o d i n g  t h e  M in s k y  m a c h in e  [ 1 0 J  i n t o  t h e  t a r g e t  m od e l s .  T h e  

d ec id ab i l i ty  r e s u l t s  a re  g a i n ed  Ijy e n c o d i n g  t h e  t a r g e t  m o d e l s  to  T P D A s ,  D T P D A s . o r  t h e i r  e x t e n s i o n s ,  

p r e s e r v i n g  i h e  d e c i d ab i l i ty  o n  re a chab i l i ty .  The d e ta i l e d  d e c i d ab i l i ty  e n c o d i n g  r e s u l t s  a r c  s u m m a r i z e d  in 

T a b l e  3.

Table 3 Decidability encoding on various NeTAs

T a rg e t  model Decidabili ty model

g c N e T A s T P D A s

fcN eT A s T P D A s

lcN eT A s D T P D A s

(g c  +  lc) N e T A s D T P D A s

( g c + l c )  N e T A s D T F D A -F s

gc" is for global c lo ck s .  '4lc ,' is for local c lo ck s ,  and ••fc" is for f rozen clocks.

The r e m a i n d e r  o f  t h i s  p a p e r  is s t r u c t u r e d  as  f o l l o w s ： In s e c t i o n  2 w e  i n t r o d u c e  seve r a l  m a t h e m a t i c a l  

m o d e l s  r e l a t e d  to  o u r  top ics .  S e c t io n  3 d e f i n e s  s y n t a x  and t h e  s e m a n t i c s  of  n e s t e d  t im e d  a u t o m a t a .  Sec t ion  

4 is d e v o t e d  t o  p r o o f s  o f  b as i c  d ec i d ab i l i ty  r e s u l t s  o f  N e T A s .  S e c t i o n  5 s h o w s  t h a t  t h e  g e n e r a l  N e T A s  a re  

T u r i n g - c o m p l e t e .  S e c t io n  6 s h o w s  s o m e  de c i da b le  r e s u l t s  o n  N e T A s  w i t h  m i x t u r e  o f  c locks .  S e c t io n  7 r e 

v i e w s  re l a t e d  w o r k ,  a n d  f inal ly  s ec t i on  8 c o n c l u d e s  th i s  p a p e r  w i t h  s u m m a r i z e d  re su l t s .

2 Mathematical models

L e t  [R an d  he  t h e  s e t s  of  n o n -n e g a t i v e  rea l  a n d  n a t u r a l  n u m b e r s ,  r e s pec t i ve ly .  Lc l  : =  N U 

{oji • w h e r e  oi is t h e  leas t  l imit  o rd ina l .  T  d e n o t e s  t h e  set  o f  i n t e r v a l s ,  w h ic h  a rc  ( a J > )  - [^u.b~] . [ a . / ; )  o r  

( a . / ; ]  for a  G ^  a n d  ^  . Le t  S  be a  s e t ,  an d  2 s d e n o t e  t h e  p o w e r  set  o f  S ,  wl i ich  is t h e  se t  of  all s u b 

s e t s  o f  S.

Le t  X =  !x] be  a f in i t e se t  o f  c locks .  A  clock v a l u a t i o / i  v ： X  -*■ 1R , a s s i g n s  a v a l u e  to  each

c lock  .r 6  X . v r e p r e s e n t s  all c locks  in X  a s s ig n ed  to  0 . G iv e n  a  c lo ck  v a l u a t i o n  v a n d  a t im e   ̂ G  IR ，（v 

+  / )  ( . r )  =  v ( j t )  +  / < fo r  a- ^  X  . A  c lock  a s s i g n m e n t  fun c t io n  i/「_y — is de f ined  by  v[_y — A ] ( i )  =  6 if :r 

= y  . an d  v( j -) o t h e r w i s e .  Veil ( X )  is u sed  to  d e n o t e  th e  se t  o f  c lo ck  v a l u a t i o n  o f  Ar .

2. 1 T im ed  a u to m a ta

八 t im e d  a u t o m a l o n  is a  f in i t e  a u t o m a t o n  a u g m e n t e d  w i t h  a f in i t e  se t  o f  c lo ck s  丨. 1 , 11] .  h  can  e i t h e r  s t a y  

in a c o n t r o l  l o c a t ion  fo r  a r b i t r a r y  t im e  w i t h  all c l o ck s  p r o c e e d i n g  a c c o r d i n g l y ,  o r  s w i t c h  f r o m  o n e  co n t r o l  

l o c a t ion  to  a n o t h e r  i n s t a n t l y .  A t  t h e  s a m e  l i m e ,  it  m a y  ch e ck  if a c lock  b e l o n g s  to  an  i n t e r va l  o r  u p d a t e s  a 

c lo ck  to  an  a r b i t r a r y  v a l ue  in an  in t e r va l .

D efin i t ion  1 (T im e d  a u t o m a t a ) .  A l im e d  a u t o m a t o n  ( T A )  is a t u p l e  A  =  CQ.</n . F . X . A )  G ■ 1 1 w h e r e
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• Q is a  fini te se t  of  co n t r o l  l o c a t ion s ,  w i t h  th e  ini t ial  locat ion  </ G Q •

• F  a  〇  is t h e  set  o f  final c o n t r o l  l oc a t io ns .

• X  is a f ini te  set  of c l o ck s .

• Q X  O X  Q . w h e r e  is a  se t  of o p e r a t io n s .  A  t r a n s i t i o n ^  G A is a t r ip l e t  (>/, . 9̂ .72 ) . w r i t t e n

i> • . . .
a s  r/i -----*-q>, in w h ic h  is e i t h e r  of

L(»cal e.  an  e / t ip ty  o p e r a t i o n .

Tes t  .r G  / ?  w h e r e  .r G X  is a c lock an d  I 6  Xis  an i n t e r v a l ,  and

Assign x  <-  / w h e r e  .r ^  X  an d  I G  1-

Given  a T A  A 6  ^ • w e  u s e Q ( A )  , q , , (A )  , F ( A )  , X ( A )  an d  A ( A )  to  r e p r e s e n t  i ts set  of  co n t r o l  loca

t i o n s ,  ini t ial  l o c a t io n ,  set of  finnl l o c a t ion s ,  set  o f  c locks  an d  se t  of  t r a n s i t i o n s ,  r e spec t ive ly .  W e  wil l  u se  

s imi la r  n o t a t i o n s  fo r  o t h e r  mode l s .

The s em a n t i c s  of  t imed  a u t o m a t a  in c lu des  p r o g r e s s  t r a n s i t i o n s ,  fo r  t im e  e l ap s i n g  w i t h i n  o n e  con i r o l  loca 

t i on .  a n d  d i s c r e t e  t r a n s i t i o n s ,  for t r a n s f e r e n c e  b e tw e e n  t w o  co n t r o l  locat ions .

Def in i t ion  2 (S em an t i c s  o f  T A s ) .  G ive n  a T A  A =  (Q.</  - F . X . A )  • a co nf i gu ra t i o n  is a pa ir  (fy.i/) of  a 

co n t r o l  loca t ion  (/ 6  Q  . a n d  a c lock v a l ua t i on  v on  . W  Th t '  t r a n s i t i on  re l a t i on  of t h e  T A  is r e p r e s e n t e d  a s  

fo l lows  ：

• P r o g r e s s  t r a t i s i t i o n  ： ( ( / . v )  ----- ►  . ( ( / .v + / ) ，w h e r e  / 6  IR .

j* •
• D isc re te  t r a n s i t i o n  ： ((/, , 1̂1 ) -— *• ；( t/2 *v i ) ，if (/1 ----- **</2 ^  A • an d  o n e  of t h e  fo l l ow in g  h o l d s .

Local  <f> =  e - t h e n  =  V2 . I he e m p t y  o pe r a t i on  doe s  not  mod i fy  th e  c lock  va lua t ions .

Test  ^ 6  / ?  . i/| =  v：； a n d  6  /  holds .  T h e  t r a n s i t i o n  can  be  p e r fo rm ed  on l y  if the  va lue

of  j - b e l on g s  to  /  .

Assign <f> =  I . v2 = 1/1 [ . r  r  w h e r e  r  G /  . T h e  c lock  .r is a s s ig n ed  an a r b i t r a r y  v a l ue  in / .

T h e  ini t ial  co nf i gu ra t i o n  is ((/. , v „ ) .

E x a m p l e l . F i g u r e  1 i l l u s t r a t e s  a  T A  c o n s i s t in g  o f  s t a t e s  S' ={(/„•(/, ,f/2 } , c lo ck s  X =  {〇-| , . r 2 ?. r：i } . F i g 

u re 2 s h o w s  o n e  r u n  of it w i t h  I t r a n s i t ion s .  Ini t i al ly  it is in loca t ion  7 wi th  l)〇th c lock .ri an d  c lock  . r； as 

s igned  to  zero.  F r o m  . v, ) t o  (r/ .y, ) . a p r o g r e s s  t r a n s i t i o n  e l a p se s  $ 0 .  5 $  t ime  uni t s .  In co nf i gu ra t i o n  

((/〇 .V| ) . a d i s c r e t e  t r a n s i t i on  G ( 0 . 1]?  t e s t s  w h e t h e r  X| b e l o n g s  lo t'hc in t e rva l  ( 0 . 1 j . w h i c h i s t r u e .  

T h e n  i t s  loca t ion  is c l i anged  [〇 q w i t h  clock va lua t ion  r em a in i ng  t h e  same .  1 'h a t  is to s a y .  i t s  co nf i gu ra t i o n  

is c h an ged  to  (f/i ,u ? ) w i t h  i/2 =  v\ . F i n a l l y . f r om  ，p2) to  ( g 2 ，î .; ) • .r2 is r e sc i  to  2. 6 . w h ic h  is r a n d o m ly  

p icked  f r om  t h e  in t e rva l  ( 2 . 3 」.

( ^ x i e [ 0 A] \ Q X 2 ^ \ Q

Figure 1 A n Example  of 丁As.

^0_____ _ _
xi 0 X\ 4- 0.5
X2 〇 X2 <r- 0.5

^2 ^3
x \ <- 0.5 x\ 0.5
X2 <- 0-5 X2 2.3

(QOi^o) — —~ ^  (go,^!) ------ '-€(〇： ------ >sa (91,^2) — —~ — ~ >e/ (92.^3)

Figure 2 A run of the  T A  in F igu re  1.

A h h o u g h  g ener a l  ver i f ica t ion  p r o b l e m s ,  su ch  as  t h e  l a n g u a g e  inc lus ion p ro l i l cm .  a rc  u ndce id ab le  o n  

t imed  a u t o m a t a ，t h e  re achab i l i ty  p r o b l e m  fo r  r ea l - t ime  s y s t e m s  [ 1 . 11]  is dec idab le .

Fact 1. T h e  reachab i l i ty  p r o b l e m  of  t imed  a u t o m a t a  is dec i dab le  1, 11J.
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1 . 1  T im ed  p u shd ow n  a u t o m a t a

T i m e d  p u s h d o w n  a u t o m a t a  ( T P I ) 八s)  [ 2 ]  e x t e n d  T A s  w i t h  a s t a ck .  A  T P I ) A  can  b e h a v e  as  a T A ，p u s h  

a s y m b o l  lo  t h e  s t a c k  o r  pop  a  s y m b o l  f r o m  t h e  s t a ck .

" e f i n i t i o n  3 ( T im e d  pus l idmvn a u t o m a t a ) . 八 t i m e d  p u s h d o w n  a u t o m a t o n  r i ’P D A )  is a q u i n t u p l e  了 = 〈Q ,  

q - T  - X  ■, A )  G   ̂• w h e r e

• Q  is a f in i t e  se t  o f  c o n t r o l  s t a t e s  w i t h  t h e  ini t i al  s t a t e  (/ ^  Q  ,

• P is a  f in i t e  se t  o f  s t a c k  a l p h a l i c t s ,

• X  is a  f in i t e  se t  o f  c l o c k s ,  an d

• A £  Q  X A ct ion  X Q  is a  f in i t e  se t  o f  d i s c r e t e  t r a n s i t i o n s .

A d i s c r e t e  t r a n s i t i o n  8  A is a s e q u e n c e  o f  a c t i o n s  .cp] , q . ) . .  . . . (q, .cp, .q , , )  w r i t t e n  a s  (/, ----- ►  •••----- *•

(/, i . in w h i c h  cpJ ( fo r  ! • < / < ! / )  is c i t h e r  of

• Local  e-  a n  e m p t y  o p e r a t i o n .

• Tes t e r  G / ?  • w h e r e  .r ^  X  is a c lock  a n d  /  ^  X i s  an  i n t e r v a l ,

• Assign  .r . w h e r e  x  6  X  a n d  l  ^  X.

• Value  pass ing  j- '  w h e r e  ^  X  ,

• Push  push  ( / )  . w h e r e  /  G  T  is a s t a c k  a l p h a b e t  an d

• P o p  f i o p i y )  . w h e r e  7 6  T is a s t a c k  a l p h a b e t .

A  t r a n s i t i o n  a s  a s e q u e n c e  o f  a c t i o n s ^ ,  ----- ►  •••----- ► (/,+ , p roh i l ) i t s  i n t e r l e a v in g  t im e  p r o g r e s s .  T h i s  can

he e n c o d e d  w i t h  a n  e x t r a  c lock  by r e s e t t i n g  it t o 0 a n d  c h e ck in g  it st i l l  0 a f t e r  t r a n s i t i o n s ,  an d  i n t r o d u c i n g  

f r e sh  co n t r o l  s t a t e s .

Def i n i t i on  4 ( S e m an t i c s  o f  T P D A s ) .  F o r  a T P D A  (Q.r/ , ,  . T . X ,  A> . a c o n f i g u r a t i o n  is a t r i p l e t  ( q . - w .v )

w i t h  a c o n i r o l  s t a t e  (/ ^  Q  • a s t a c k  tc- G T '  • an d  a  c lock  v a l u a t i o n  v o n  X  . The t r a n s i t i o n  r e l a t i on  o f  t h e

丁I)I)A is de f in ed  a s  fo l l ow s :

• l ime  p r o g r e s s ： ( q . z v , ^ ) ----- ►  ( q . z i ' . v  -\ / )  . w h e r e  / ^  [R . .

• D i s c r e t e  t r a n s i t i o n ： (</, .xt', ) ----- ►  (r/ . u ，2 . if f/, ----- *■ (i': . am i  o n e  ()f t h e  fo l l ow ing  h o l d s .

Local  <p ^  e • t h e n  tc-i =  iv-> . ant i  = 1/2 .

Testae =  .v ^  I'! . t h e n  u-i =  zc： . v\ =  i/jcind v j ( . r )  G I holds .

A s s i gn^  =  j : •*- I , t h e n  u ' ( =  =  1̂1 [ . r  * -  / ' ]  w h e r e  r  I  .

Value  pa ss i ng  (p =  . r  ■*- .r . t h e n  u ' i =  zv2 =  i-i [ . r  •*- v, ( j - ' ) ] .

Pushc? =  p u s h ( y )  . t h e n i / |  =  . a n d  zu2 =  y • u' i  .

Pop^c =  p o / ) ( y )  . t h e n  v-2 =  vi » a n d  u'i =  7 • tt'v .

T h e  ini t ial  c o n f i g u r a t i o n  q =  (q, - e-v ) . W c  u s e ---- ►  t o  r a n g e  o v e r  t h o s e  t r a n s i t i o n s ,  a n d ------*■' is t h e

re f l ex i ve  a n d  t r a n s i t i v e  c l o s u r e  o f ----- *■.

E x a m p l e  2.  F i g u r e  3 s h o w s  t r a n s i t i o n s  b e t w e e n  c o n f i g u r a t i o n s  o f  a T P D A  c o n s i s t i n g  o f  s t a t e s  S  =  {(/, | 1 

/ <  4} . c l o ck s  X =  {.ri , . r 2 *x3 } a n d  s t a c k  s y m b o l s  T =  { a . / ) , cl ) . F r o m  q\ t o  r/L, . a d i s c r e t e  t r a n s i t i o n  

/n is / i (c l )  p u s h e s  c/ to  t h e  s t a ck .  A t  loc a t io n  (/ . a p r o g r e s s  t r a n s i t i o n  e l a p s e s  2. 6 t im e  u n i t s ,  a n d  each  v a l ue  

g r o w s  o l d e r  fo r  2. 6 . F r o m  (/L, \o  q ：i ■> t h e  v a l u e  o f  is r e s e t  t o  3. 8 , w h ic h  l ies in t h e  in t e rva l  ( 2 , 5 ]  . T h e  

l as t  t r a n s i t i o n  p o p s  s y m b o l  cl f r o m  t h e  s t a ck .

^1 V\

X \  0 .5

a X 2  ^  3 .9

b X 3  2 .3

u；2 v2

丨1 -̂ 0 . 5

X2  f- 3 . 9

工3 +- 2 . 3

也3

工1 ^- 31
工2 ♦ -6 .5
X3 夺-  4.9

m  t̂ 4

d X\  3 .1

a X 2  < 一  3 . 8

b x 3  <—  4 .9

叫5 Vb

a
X i  3 .1

X 2  3 . 8

b x 3 4 .9

(9 2 .^ 2 ,^ )  {q-2 , w3 , i/ 3 ) (93,抝4，"4) ’咖％，(94,叫5，M )

Figure 3 A n exam ple  o f  T P D A s .

" fh e  r e a ch ab i l i ty  p r o b l e m  o f  F P D A s  is ga i ned  by reg io na l i z i ng  t h e  d e n s c - t i m e ,  a n d  t h e  c o r r e s p o n d i n g  r e 

g ion  T P I ) 八 is a p u s h d o w n  s y s t e m .
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Fact  2. The re a ch ab i l i ty  p r o b l e m  of  t im ed  p u s h d o w n  a u t o m a t a  is dec idab l e  [ 2 ] .

2 . 3  Dense t imed pushdown au t o m a t a

Den se  t im ed  p u s h d o w n  a u t o m a t a  [ 3 ，1 2 ]  e x t e n d  t im ed  pu . shdown a u t o m a t a  w i t h  c l o ck s  in t h e  s t ack .  

Elach s y m b o l  in t h e  s t ack  is e q u i p p e d  w i t h  a local c lock n am ed  a n  a g e ,  a n d  all a g e s  in t h e  s t a c k  p roceed  un i 

fo rmly .  A n  age  in each  co n t e x t  is a s s ig n ed  to  i h e  v a l ue  o f  a  c lock  w h e n  a i^ush ac t ion  oc cu rs .  A  pop  ac t ion  

pop s  t h e  top  s y m b o l  to a s s ig n  t h e  v a l ue  of i ts a ge  to  a spec i f i ed  clock.

Defin i t ion  5 (D en se  t imed  pu shd ow n  a u t o m a t a ) .  A  d e n s e  t im e d  p u s h d o w n  a u t o m a t o n  is a t u p l e  D  =  <Q. 

c / 〇 . r . X . A )  G ^  ' w h e r e

• Q  is a f in i t e set  o f  c o n t r o l  s t a t e s  w i t h  t h e  ini t ial  s t a t e  ^  Q  ,

• r  is a  f ini te  set  o f  s t a c k  a l p h a b e t s .

• X  is a f in i t e set  o f  c l o c k s ,  an d

• A ^  Q  X A ction  ' X Q  is a f in i t e set  o f  ac t ions .

. . .  . . . <p\ <Pi
A d i s c r e t e  t r a n s i t i o n  8  A is a s eq u en ce  of ac t i ons  ,(p{ , ^ 2 ) » '(p, 1 ) w r i t t e n  a s  q\ ----- ►  •••----- *■

q,,.\ , i n w h ic h  ip, ( fo r  1 <  7 <  / ) is one  of ihe  f o l l o w i n g s ：

• Local  e ，an e m p t y  o p e r a t i o n ,

• Tes t e r  6  J ? ，w h e r e  .7. 6  X  is a c lock a n d  7 6  2" is an i n t e r v a l .

• Assign .r -*- /  w h e r e  jc ^  X  an d  I  I ,

• Value  pass ing  x  . r，w h e r e  6  X .

• Push  push ( y . x )  , w h e r e  y 6  r  is a s t a ck  s y m b o l  a n d  j: X  , and

• Pop  p o p ( y , j ：) , w h e r e  y G T is a s t ack  s y m b o l  an d  x  ^  X  .

Defin i t ion  6 (S e m an l i c s  o f  D T P D A s ) .  F o r  a d en s e  t im ed  p u s h d o w n  a u t o m a t o n  ( Q . q ,  , r . X , A )  • a co n f i g 

u ra t ion  is a t r ip l e t  ( r / . u ' .  v) w i t h  q G Q   ̂ w  G ( T X [R " )  ' , a n d  a c lock  v a l ua t i on  1/ o n  X  . T i m e  p a s s a g e  of 

t h e  s t a c k  ui +  t =  Cy, , t \  - f  ^) .  (y„ »/„ +  / )  fo r  u- =  ( 7 , •••. ( 7 ,, , / „ ) .

T h e  t r a n s i t i o n  r e l a t i o n  o f  a  D T P D A  co n s i s t s  o f  t im e  p r o g r e s s  a n d  a  d i s c r e t e  t r a n s i t i o n  w h i c h  is de f ined  

by  t h a t  of  ac t i ons  be low.

• T i m e  p r o g r e s s ： ( q ,x v , v )  -----+ / )  • w h e r e  ( 6  IR .

• Disc re te  t r a n s i t i o n ： (</, , iv \  ) ----- ►  (q 2 , w 2 ) t if Q\ ----- > (j: . an d  one  of t h e  fo l l ow in g  h o l d s ,

Local  cp =  e • t h e n  W\ =  w 2 » an d  1/1 =  i/2 .

- Tes t  ip =  x  I?   ̂ t h e n  zv  ̂ =  tu2  ̂ v\ =  vz a n d  vi ( x )  G  ̂ holds .

Assign cp =  x  •*- l  1 t h e n  u>\ =  zv2 , v2 =  vi [ x  < -  r ]  w h e r e  r  ^  I .

Value  pass ing} <p =  jt •*- x '  , t h e n  w,  =  w 2 , n? =  v\\^x ■*- i>i ( a -/) ] .

— Push 3̂ =  p u s h ( y , x )  , t h e n  vi =  , w 2 =  ( y ( j : )  ) .  tt'i .

— Pop cp =  pop  ( , y . x )  , t h e n  v2 — vi [-r •*- / ]  - "w-'i =  ( y - t ) .  .

T h e  ini t i al  c o n f i gu ra t i o n  g , — (q„ -e-u,,) . W e u s e ----- to r a n g e  o ve r  t h e s e  t r a n s i t i o n s ,  a n d ---------- ►  ' is t h e

ref l ex ive  an d  t r a n s i t i v e  c l o su re  o f ----- »•.

R em a rk  1. F o r  s imp l i c i t y  of  t h e  l a t e r  p ro o f s ,  t h e  de f in i t ion  o f  D T P D A s  is s l i gh t l y  modi f i e d  f r om  il ic o 

r ig inal  [ 3 ] .  Va l ue -pass ing  is i n t r o d u c e d ： ins tead  p u s h ( , y , I )  an d  p o / j ( y . I )  a r e  d r o p p e d ,  s ince  t h e y  a rc  d e 

sc r ibed  by  ( j - I  ； push ( y , . r ) )  an d  ( p u p ( y , x ) - , . r  G J ? )  , r espec t ive ly .

Exam pl e  3.  F i g u r e  4 s h o w s  t r a n s i t i o n s  b e tw e e n  c o n f i g u r a t i o n s  of a D T P T A  c o n s i s t in g  o f  a s i ng l e t on  s t a t e  

set  S  =  { • } ( o m i t t e d  in t h e  f i g u r e ) ,  c locks  X =  <a-| , . r 2 , } a n d  s t a ck  s y m b o l s  r  =  i a . b . c l )  . Al l  t r a n s i 

t ions  a r e  s imi la r  t o  F i g u r e  3. N o t e  t h a t  the  pu sh  t r a n s i t i on  b e t w e e n  k \ an d  k ： n ee d s  to  p u s h  s y m b o l  d  anti 

t he  clock v a l u e x ：( t og e t h e r .  F r o m / c 2 to /c :； , excep t  for c l o ck s ,  ag es  in t h e  s t a ck  g r o w .  too .  T h e  last pop  

t r a n s i t i o n  p op s  an  age  in th e  s t a ck  to  t h e  c lock  Xj .
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(d .2 .3)

(a, 1-9) ( a , 1.9)

(6,6.7) (6,6.7)

(a ,3.1) (a, 3.1)

(rf，4.2) (rf，4.2)

X\ 0.5 x \  4— 0.5

X2  <- 3.9 X2  3.9
X3 i— 2.3 X3 i— 2.3

(d,4.9) (d,4.9)

(a, 4.5) (a, 4.5) (a, 4.5)
(6,9.3) (6,9.3) (6,9.3)
(a, 5.7) (a, 5.7) (a, 5.7)
(rf，6.8) (d,6.8) (rf,6 .8)

X l 4- 3.1 
X2 <r- 6.5 
Xz <r- 4.9

X\ i一  3.1 

X2  ^ 一  3.8 
X3 i— 4.9

X\ <— 4.9 

X2  ~̂ 3.8 
x3 f -  4.9

«i 今 @ «：2
2.6

—切《；3
X2<-(2,5]

«4
pop(d ,x i )

■̂0 «5

Figure 4 A n  exam ple  of DTPDA.s.

Fac t  3.  Fhe  r e a ch ab i l i ty  p r o b l e m  of  d e n s e  l im ed  p u s h d o w n  a u t o m a t a  i s de c i d ab lc  [ 3 .  13] .

2 . 4  Dense  t im e d  p u sh d o w n  a u t o m a t a  w i t h  f rozen  ages

F o r  o u r  t a r g e t  p r o o f ,  d e n s e  l im e d  p u s h d o w n  a u t o m a t a  w i t h  f rozen  ag es  ( D T P D A - F s ) [ 5 ]  a r e  i n t r o 

duc ed  . a n d  e x t e n d e d  f r o m  D T P D A s .  wl i i ch  is d i f f e r en t  f r o m  D T P D A  in rX' f in i l ion  5 a t ：

• c lo ck s  a r e  p a r t i t i o n e d  i n t o  t h e  set  X  of  local c lo ck s  ( o f  t h e  f ixed  n u m b e r / r  ) a n d  t h e  se t  C  o f  g lobal  

c l o c k s ,

• a t u p l e  o f  ag es  ( f o r  s i m p l i c i t y ,  w e  fix t h e  l e n g th  o f  a t u p l e  to  be  ^ ) is p u s h e d  o n  t h e  s t a c k  a n d / o r  

p o p p e d  f r o m  iho  s t a c k ,  an d

• each  t u p l e  o f  a g e s  is e i t h e r  pi'oceecl i ( a s  ini  def ini t ion 5 )  o r  f r o z e n .  A f t e r  p u s h i n g  t h e  t u p l e ,  all 

local  c l o ck s  a rc  r e se t  to zero.

D e f in i t ion  7 ( D T P D A s  w i t h  f ro ze n  ag e s ) .  A  D T P D A  w i t h  f ro ze n  a g e s  ( D l ' P D A - F )  is a  t u p l e  D  =  ( S , s 0 , 

[ \ X  . C . A )  6  (j- • w h e r e

• S  is a f in i t e set  o f  c o n t r o l  s t a t e s  w i t h  t h e  ini t ial  s t a t e  .v, 6  S  ,

• r  is a f in i t e set  o f  s t a c k  a l p h a b e t s .

• X  is a f in i t e  set  o f  local  c l o ck s  ( w i t h  | X  | =  /e ) ,

• ( " i s  a f in i t e set  o f  glohfi l  c l o c k s ,  a n d

• A ^  S  X A ction  X .S is a f ini te  se t  o f  ac t ions .

• . . . . . <p\ <p,
A  d i s c r e t e  t r a n s i t i o n  S 6  A i s  a  s e q u e n c e  of a c t i o n s  (.s-! ,^>| ..v2 ),*••, (.v, ,.sl4| ) w r i t t e n  a s  .V| ----- ► … ----- ►

.s-,. i . in w h i c h  cpj ( fo r  1 <  i  <  / ) is one  o f  t h e  f o l l o w i n g s ：

• Local  e.  a n  e m p t y  o p e r a t i o n .

• Test  „r 6  / ? ，w h e r e  -r 6  X  U i s  a  c lock  a n d  J 6  2"is an  i n t e r v a l ,

• Assign  —  J w h e r e  G■入 U C  a n d  J G Z ，

• Value  pass ing  w h e r e  u ’ 6  X  U 〔、.

• Push}  p u s h ( y )  , w h e r e  y  6  T  is a  s t a c k  a l p h a b e t ,

• Free ze -Pu sh  ( F - P u s h )  / 'push  ( 7 ) . w h e r e  7 G  F  is a s t a c k  a l p h a b e t ,  a n d

• Pop  p u p ( y )  . w h e r e  y ^  T is a s t a c k  a l p hab e t .

Def in i t ion  8 (S e m an t i c s  o f  1 )TPI )A-Fs ) .  F o r  a  D T P D A - F  < S . . s , . T . X , C .  A> . a c o n f i g u r a t i o n  is a t r ip l e t  

( .v. t t ' .w) w i t h  a c o n t r o l  loc a t io n  .v S  . a  s t a c k  t c  6  ( T X C [R ' )* X { 0 , 1 } )  ' . a n d  a  c l o ck  v a l u a t i o n  1/ o n  X

U ( ' .  F o r  a s t a c k  w  =  (y ,  , f l a g \  ). •••. (y„ , t n . f l a g , , ) , / - t i m e  p a s s a g e  o n  t h e  s t a c k ,  w r i t t e n  a s  +  / .

is ( 7 i . / j ro g re s s  ( / ,  , / .  f l a g , ) .  f l a g , ) .  •••. ( 7,,, p ro g r e s s  (t„ , t . f l a g  „ ) ,  f l a g ,,) w h e r e

p ro g r e s s  ( l  ,1 .  J l u ^  ) =
( t \  t , ••• , t k -\~ t ) if f lag  =  1 an d  1  =  ( / ,  , t k ) 

if f lag  =  0

I h e  t r a n s i t i o n  r e l a t i on  o f  t h e  D T P D A - F  is de f in ed  a s  f o l l o w s ：

• Time p r o g r e s s ： ( s , u . ' , v )  ----- ► (•、■，■〇•• + + / )  ， w h e r e  / 6  1R •

• • • • (p
• D i s c r e t e  t r a n s i t i o n ： (•、、，斯 . 1/丨）----- ( s 2 ) ，if •,>i ----- *• .s'2 ，an d  o n e  o f  th e  fo l l ow ing  h o l d s .
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Local cp =  e • t h e n  tc'i =  w 2 • a n d  — v2 .

Test (p =  x  / ?  . t h e n  v〇\ =  w 〇 ■< v\ — vt a n d  v\ ( . r )  G   ̂ ho ld s .

Assign y  =  _r < -  J ，t h e n  =  tc’2 ， =  i/| [〇•<-/•」w h e r e  /■ 6  J •

V alue  p a ss in g  cp =  x  •*- x '  . t l i en  w \ =  w 2 . ^  =  v-i [ x  vi (■!'')] •

P ush  cp =  push  ( 7 ) , t h e n  V2 =  v〇 » 'H'z — ( y -  (vi (-Ti ) * ( - r* ) )  . 1)  • U'| fo r  X  =  { j -] , ••• , x t } .

F -P u sh  ip =  / p u s h  ( y )  , t h e n  v> =  . tt'? =  ( y .  (vi ( t , ) .  ••• ,v\ ( x t. ) )  , 0 )  • zv\ fo r  X =  {.ri , , x t }.

P o p  (p =  J}〇 p ( ,y )  . t h e n  v2 =  i/, [ x  < - ( ? ! ，•••,//.) ]  . xc»i =  ( y .(/,.•••,/*) f l a g  ) • rev .

1 'hc  ini t ial  c o n f i g u r a t i o n  g„ =  (.v,, -e-v  ) . W c  u s e ----- >• t o  r a n g e  o v e r  t h e s e  t r a n s i t i o n s ,  a n d -----►  ' is t h e  r e 

f lex ive a n d  t r a n s i t i v e  c l o s u r e  o f ----- ► _ .

E x a m p le  4 . F i g u r e  5 s h o w s  t r a n s i t i o n s  g {----- ►  g>----- ►  g , ----- ►  of  a D F P D A - F  w i t h  S  =  [ • } ( o m i t t e d

in t h e  f ig u r e )  X  =  { j ' \  ，C  =  {t、} , a n d  T =  [ a  . b . d )  . A t  仏----- q2 . t h e  v a l u e s  o f  a n d  x 2 ( 0 . 5 an d

3. 9 )  a r e  p u s h e d  w i t h e /  . a n d  f roz en .  A f t e r  p u s h i n g ,  t h e  v a l u e  o f x ]  a n d  W>H 1 -̂ r e se t  t o  ze ro .  T h e n ,  jt2 is

se t  a v a l u e  in ( 1 . 2 」，say  1. 7. A t  仍----- ►  j?：i . t im e  e l a p s e s  bu t  f rozen  a g e s  in t h e  top  a n d  t h i r d  s t a c k  f r a m e s

do  not  c h an g e .  T h e  re s t  ( in  bo ld )  p ro ce ed .  A t  g3----- *■, qa , t e s t  w h e t h e r  t h e  v a l u e  o f  jt2 is in C4»6 ) .  Y e s ,

t h e n  p op  t h e  s t a c k  a n d  j  | . . r 2 a re  se t  t o  t h e  pop j i ed  ages .  L a s t , t h e  v a l ue  o f  j -! is se t  to  £ | .

(</.(().

(«• |1 i), 4.rs). l )

(/*. (〇 7. 2.fl). 0 )

[n .  (：{ i . r , . 2 ) .  i )

(ri. (4 *2. 3 . ：4). 1)

^1 卜 （>

< - 1 7

<•1 < - 2 .：{

£»i ------------------------------- >(y  £?2 -----------

~  (f/. ；) ) . 〇)

( « . ( 4 5 . 7 . 1 ) .  1) (n .{ 4 . . - i .7 .1 ) .  1)

7. D)

( n .  ( 5 . 7 .  7 . 8 ) .  1 ) (//.  (Ti.7. 7 .S ) .  i J

r/. (G .S . . r» !)). 1 ) U . f i i . s .  r,.u). i )

，' - 2 . 6 j ：i 4 . 9

r  2 * -  -1.3 r  2 * -  3  *J
r x ^  4 . 9 r \  4— 4 .9

Figure 5 An exam ple  of I )T I)D A -Fs ,

D T P D A - F s  a re  m o r e  e x p r e s s i v e  t h a n  D T P D A s .  W c  have  t h e  f o l l ow in g  dec i d ab i l i ty  r e su l t .

Fact 4 . The  rea c l i ab i l i t y  p r o b l e m  of  d e n s e  t im ed  p u s h d o w n  a u t o m a t a  w i t h  frozen a g e s  is d e c i d a b l e ,  

if | C | = 1 [ 5 ] .

3 Nested timed automata

D eH nition  9 (N e s te d  T im ed  A u to m a ta ) .  A n e s t e d  t im e d  a u t o m a t o n  ( N e T A )  [ 4 ,  5 ]  i‘s a  t u p l e  iV =  ( 了， 

A . X . C ^ A )  ^  • w h e r e

• T  is a f in i t e  se t  o f  I 'As  !A〇,A| ,***,A„} , w i t h  t h e  ini t i al  1 ' A  A„ G ^  ■ W e  a s s u m e  t h e  s e t s  of  c o n 

t ro l  s t a t e s  o f  A , ，d e n o t e d  by  Q (  A,  ) ，are  m u t u a l l y  d i s j o i n t , i. e. . C K A , ) 门 Q ( A ; ) =  0  fo r  / ^  .

W c  d c n o i e  t h e  ini t i al  s t a l e  o f  A, l )y( /：, ( A , ) .

• C  is a f in i t e  se t  of  g lo b a l  c l o c k s ,  a n d  X is t h e  f ini te  s e t  of  h local  c locks .

• A ^  Q  X CQ U e  ̂ X  A c t ion s  X  Q  X  ( Q  \J s } )  d e s c r i b e s  t r a n s i t i o n  r u l e s  b e l o w ,  w h e r e

Q  =  U A( e / Q  ( A , ) .

A t r a n s i t i o n  ru l e  is t l c sc r ihcd  by  a s e q u e n c e  o f  A(."("z.s•二! i n t e r n a l . /msli . / p u s h  . /M>p ,c

} w h e r e  c C  . .r  X  . a n d  1 ^  T. 1 ' he  i n t e r n a l  a c t i o n s  a r e  I^ocal . T e s t .  A ss ign ,  a n d  V alue  p a ss ing  

in D e f i n i t ion  3.

• In te rn a l  (q  i n t e r n a l , ( /  . e )  , w h i c h  d e s c r i b e s  a n  i n t e r n a l  t r a n s i t i o n  in t h e  w o r k i n g  T A  ( p l a c e d  a t  a 

c o n t r o l  l oc a t io n )  w i t h  q . q  ^  A , .

• P u sh  ( q , £ i p u s h  ,<?〇 (A^-) , q )  , w h i c h  i n t e r r u p t s  t h e  c u r r e n t l y  w o r k i n g  T A  A, a t  7 G  Q C A , ) . T h e n ,  a 

T A  A /  n e w ly  s t a r t s .  N o t e  t h a t  al l  local  c l o ck s  o f  A, p u s h e d  o n t o  t h e  s t a c k  s i m u l t a n e o u s l y  ])roceed 

to  g lo ba l  c locks .

• F -P u sh  ( q ，e . / p u s h  . q 〇(A , - ) , q )  . w h ic h  is t h e  s a m e  as  Push  ex cep t  t h a t  al l  local  c l o c k s  of A,  a rc  f r o 
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zen.

• P o p  ( f / . g ' . / )〇/>，( / ' , e )  , w h ic h  r e s t a r t s  A,., in t h e  s l a c k  f r o m  f /  6  Q ( A : ’）a f t e r  A, h a s  f in i s he d  a t  g 6  

S(.A,) an d  all local  c l o ck s  r e s t a r t  w i t h  th e  v a l u e s  o f  t h e  ages.

• Glob a l - t e s t  ( g . e . f  1 ^ . ( / - e )  » w h i c h  t e s t s  w h e t h e r  t h e  v a l u e  o f  a g loba l  c lock  c is in /  .

• Glob a l - a s s i gn  ( q . e . c  1 . c /  , w h i c h  a s s i g n s  a v a l ue  in r  ^  /  t o  a  g lob a l  c lock  c .

• Gl» l )aH oa t l  ( g , e  —  (•.(/. e )  . w h ic h  a s s i g n  t h e  v a l ue  o f  a  g lo ba l  c lo ck  c t o  a  local c lo ck  :r G X  in 

t h e  w o r k i n g  T A .

• G lob a l - s t o re  ( q  ,e . c  x , ( /  - e )  . w h i c h  a s s i g n  t h e  v a l u e  o f  a local  c l o ck  .r ^  X  o f  t h e  w o r k i n g  I 'A to  

a g lo b a l  c lock  c .

D ef i n i t i o n  10 (S e m a n t i c s  o f  N e T A s ) .  G i v e n  a  N e T A  (7 % A 0 ，X ，C ，A ) ，t h e  c u r r e n t  c o n t r o l  s t a t e  is r e -  

ferrecl b y  q . Le t  V a l \  =  ； i/ : X  - ►  IR 1} a n d  V a l c =  !/^ : ( ' - ►  R  : • A c o n f i g u r a t i o n  o f  a  N e T A  is an  elc- 

m e n t  in ( Q  X W / x  X V a / r , ( Q  X { 0 ，1 丨 X V W 入. ）- )•

• T i m e  p r o g r e s s  t r a n s i t i o n s ： (.(q -v • / i )  . v ) ----- *• ( ( q . v f . / / +  ^) ■. v  +  / )  fo r  / G  IR . w h e r e  v +  t sel

v ： =  p r o g r e s s  , t , f l a g )  o f  e a ch  {q ■, f l a g  in t h e  s t a ck .

• D i s c r e t e  t r a n s i t i o n s ： a r e  de f in ed  as  fo l lows .

In t e rn a l  ^ v ) ----- ►  ( 〈（/ ，v • if ----- ► 〈g 〉is in Def i n i t i on  4 ， e x c e p t  fo r  push

o r  pop.

/jus/i
Push  ----- ►  ( 〈(/ ( A , ，）. 认， • 'U/，1 _v〉. xO •

j- push
F -P ush  ,v) --------*■ (. (qu(A, ' ) ,v〇 ■, /u) n {q ,0 -v). v ) .

, , txib , ,
P o p  ( ( q . v - f i )  n(q > f l u g  .V ) .  u O ----- »•(<(/ .V •">.!£；) .

<• 6  /? ,(:l(“)a卜test ( 〈(/，卜"〉•！；）--------*■(.(({ -v) . if/i(c ) G J •

Globa l -a s s ign  ( . x; ) ----- ( {q . v ^ x [ c  r ] )  , v )  fo r  /* 6  /  •

•7* ^~ C f
G loba l - l o ad  ((</.v ./^>. u) ------ *■(<(/ «v,.r ^ ( c  ) ./i) >v) .

( i loba l - s to r e  ( (f / .v.yy) <v) ---------*■(〈7 .!/."[(■ — v ( . r ) ] 〉，'c；) .
T h e  ini t i al  c o n f i g u r a t i o n  o f  a N e T A  is a： =  ( < 7 , " l . > . e )  . w h e r e  p ( a . ) =  0 fo r  >r 6  A’a n d  ",, ( r ) =

0 fo r  c ^  C  . W e u s e ----- ►  t o  r a n g e  o v e r  t h e s e  t r a n s i t i o n s ,  a n d ----- ► ' is t h e  r e f l ex i ve  a n d  t r a n s i t i v e  c l o su re

of ——

S e m a n t i c a l l y , t h r e e  k in d s  o f  c lo cks  ex i s t  in N e T A . s ： glol>al c l o c k s ,  f r ozen  c l o ck s  a n d  local  c locks .  G loba l  

c l o ck s  a re  c lo ck s  b e l o n g i n g  t o  t h e  set  ( " a n d  o n l y  o n e  copy  o f  v a l u a t i o n  V « / (- is in t h e  c o n f i g u r a t i o n .  F r o z e n  

c l o ck s  a re  c lo ck s  in t h e  s t a c k  w h i c h  h ave  b e en  f p u s h e d ,  an d  m a y  h ave  m u l t i p l e  co p i es  o f  v a l u a t i o n s  in t h e  

s t a ck .  Loca l  c l o c k s  a re  s im i l a r  lo  f rozen  c l o c k s ,  e x c e p t  t h a t  t h e y  h a v e  h c en  p u s h e d  i n s t e a d  of fp u sh ed .

N o w  w e  i n t r o d u c e  t h r e e  s u b c l a s s e s  o f  N e T A s  n a t u r a l l y ,  o l n a i n c d  by  c o n s t r a i n i n g  w h ic h  k i n d s  o f  c locks  

t h e y  c an  h ave .  T h e  speci f ic  de f in i t i on  a n d  s e m a n t i c s  a re  o m i t t e d .

• gcNeTAs g lo b a l  c lock  N e T A s ,  w h e r e  X  =  0  .

• fcNeTAs f rozen  c lock  N e T A s ,  w h e r e  ( '  =  0  • an d  h a s  n o  p u s h  ru le s .

• lc! \ eTAs  local  c lock  N e T A s .  w h e r e  C' =  0  . a n d  h a s  n o  f p u s h  ru le s .

E x a m p l e  5.  W e  t a k e  a s i m p l e  e x a m p l e  to  s h o w  t h e  u s a g e  o f  N e l ' A s .  A s s u m e  t h a t  tw o  p r o c e s s e s  ac ce ss  a 

s h a r e d  buf fe r .  O n e  is to  r ead  f r o m  th e  b u f f e r  pe r io d i ca l l y  each  4 t im e  un i t s .  It a c c o m p l i s h e s  a f t e r  it r eads  

o n e  o r  m o r e  d a t a .  The o t h e r  is t o  w r i t e  to  t h e  b u f f e r  pe r iod ica l ly .  T h e  ex e c u t i o n  t im e  is b e t w e e n  3 an d  

5 t i m c  un i t s .  It wi l l  r e t u r n  a f t e r  w r i t i n g  o n e  o r  m o r e  d a t a .  T h e  w r i t i n g  p r o c e s s  m a y  o v e r t a k e  t h e  r ea d i ng  

p r o c e s s  w h i c h  in i t i a l ly  s t a r t s  r u n n i n g .  T h e  N e T A  is s h o w n  in F i g u r e  6 . w i t h  tw o  T A s .  A\ a n d  A-> a r e  fo r

r e a d i n g  a n d  w r i t i n g  p r o c e s s e s ,  r e s pec t i ve l y .  W e h a v e  t r a n s i t i o n  r u l e s ： q) - ~ * - q  an d  q i  fo r  al l  q] G

A t . P u s h  t r a n s i t i o n s  f rom ( / i  toc /〇 an d  f r om c /,1 a r e  o m i t t e d  in t h e  f igu r e .  W c  use  d a sh - l i n e  f r a m e s  to  r e 

p r e s e n t  t h e  b o r d e r  of  T A s  in t h e  N e T A .  d o u b l e - l i n e  a r r o w s  to  i nd i ca t e  t h e  ini t ial  l o c a t i o n / T A ,  a n d  d o u b l e 

l ine c i r c l e s  to  r e p r e s e n t  t h e  f inal  lo c a t io n s  o f  T A s .  O b v i o u s l y  t h i s  e x a m p l e  is a I c N e T A .
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Figure 6 A n  Exam ple  of N eT A s .

D efin i t ion  11 (R ea ch ab i l i ty  p ro b le m ) .  A re a ch ab i l i ty  p r o b l e m  of  N e T A s  is de f in ed  as  t h e  s t a t e  reachabi l i -  

t y p r o b l c m :  G ive n  a N e T A  N  =  ( T . A  .A’. C . A )  . arul a con t r o l  loca t ion  6  Q ( / \ )  fo r  s o m e A  6  厂• d e 

cide w h e t h e r  t h e r e  e x i s t s  a s t ack  z; a n d  c lock v a l u a t i o n s  v and  /i , su ch  t h a t  k  ----- ( < 7 , . 1/ . ^ )  ^ v ) .

4 Basic decidable results

In th i s  sec t ion  w c  s h o w  t h a t  t h e  r e a ch ab i l i ty  p r o b l e m  of  a N e T A  is dec idab le  if it c o n t a i n s  o n l y  one  k ind  

of c locks (g l o b a l  c l o ck s ,  f rozen c locks  o r  local c l o ck s ) .

4. 1 gcNeTAs

Given  a  g c N e T A  /V =  ( A, )，X ，C ，A) w i t h  X  =  0 ，w e  def ine  AO = 〈Q.c/  . r .  X"'，▽ > ，as  t h e  t a r ge t

of T P D A  en co d in g  of .V . s u ch  tha t

• Q =  r  =  Q ( ' ) 卜 the  se t  o f  all co n t r o l  loc a t io ns  of T A s  in 丁.

• q〇 =  (/, (A „ )  is t h e  init ial c o n t r o l  locat ion of t h e  ini t ial  T A A , .

• X ，=  ( ' i s  th e  set  of  g lob a l  c locks .

• V is th e  un ion  A ( A , )  U Q ( N )  U  H ^ N )  w h e r e

rA ( A , ) {Local \ ,

卜 iV) = {Glohal- test .G loba l-ass ign  !.

' n ( N ) c o n s i s t s  o f  r u l e s  be low .

Push  q ^ q〇 ( A /  ) if ( q ^ e ^ . q .  ( A,  ) . q )  G  A ( N )  

w h e r e  cp c a n  b e  e i t h e r  p u s h  o r  f p u s h

Pop  (/ " 7 if ( q ，q ' ，p o p ，q ’，e ) )  6  △ ( N )

D efin it ion  12. Le t  N  he a g c N e T A  ( T ,  A 〇 . X  . C ,  A) w i t h  X  =  0  an d  let  SC N )  be a T P D A  <Q. ( /n * T* X '

▽ >. F o r  a  co nf i gu ra t i o n  k =  . 7;) o f  N  s u ch  t h a t  v  =  (g,  , f l a g ]  , e ) ••• (t /„. f l a g , ,  , e )  , k d e n o t e s  a

c o n f i gu ra t i o n  ( , q > / x )  〇{ S ( N )  w h e r e  6  Q ( A , )  an d  tc(/c) =  •■'</« •

A  g c N e T A  has  no T es t .  A ss ign . V alue  p a ss ing .  G loba l- load  an d  G loba l-s to re  ru le s .  M o r e o v e r ,  in a t im e  

p r o g r e s s  t r a n s i t i o n ,  t h e  s t a ck  of t h e  g c N e T A  will  r e m ai n  t h e  s a m e  s ince  t h e  s t a c k  co n t a i n s  no  c lock  valuci- 

t i ons.  W e can  p ro ve  tha t  t r a n s i t i on s  a re  p re s e r ved  an d  re f l e c te d  by t h e  encod ing .

L em m a 1. F o r  a g c N e T A  N  , i t s  en coded  I ' PDA  E ( N )  , a n d  co nf i gu ra t i o n s / c  , k 〇{ N

• (P r e s e rv a t io n )  if a：---- *■ k , t h e n  \ k \  *■' V , ，and

• (R e f le c t io n )  if k ] ---*■: g ,  t h e r e  exi st s/ c"  w i t h  g  ►  * k a n d  k ------ *■ k .
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By i h i s  e n c o d i n g ,  w e  have  t h e  f o l l ow in g  t h e o r e m .

T h eo r em  1. T h e  r e a ch ab i l i ty  o f  a g c N e T A  is de c idab le .

4 .2  fcNeTAs

In  t h i s  s u b s e c t i o n  w e  p r o v e  a f c N c T A  is d ec i d ab l e  by  en c o d i n g  it t o  a  T P D A  u s i n g  t h e  d i g i t i z a t i o n  t e c h 

nique.

W c  i n t r o d u c e  t h e  n o t a t i o n  in o u r  d ig i t i za t ion  f i r s t .  Le t  .V =  ( 7 ' . A ,  . X . C . A )  be  a f c N e T A  w i t h  C  =  0  

an d  no p u s h  r u l e s ,  a n d  let n he  t h e  l a r g e s t  i n t e g e r  ( excc j ) t  for ) a p p e a r i n g  in A . F o r  v  G  1R , p ro j  ( v )  

= r, if xi ^  r, ^  In tv ( ? j )  , w h e r e

I u t v i n )  =  { r2, =  [/•/] 〇< / < « }  U ( ^2,+i =  (/• / -f- 1) | 〇 <  / <  w} U  {f>n+\ =

The idea o f  t h e  nex t  d ig i t i za t ion  is i n s p i re d  by  [ 1 4  16] .

Def in i t ion  13. Le t  f r u c ( l )  I — f l o u r i t )  fo r  / G  K * an d  let /r =  | X  ! be  t h e  n u m b e r  o f  local  c locks .  

A d i g i t i z a t i o n  d i g i ：{ X  — IR (,) —  ( 2 X' ,n,v(ny ) s t+ ' is d e f i n ed  a s  fo l lows .

F o r  a c lock  v a l u a t i o n  i^： ( X  IR ) , l et  Y〇,y, .-••.Y,,, be  a f in i t e se t  t h a t  co l l ec t  ( x . p>i-〇j  ( t ) )  ' s  h a v i n g  

th e  s a m e  /W ; c ( / )  fo r  / =  y ( . r )  . A m o n g  t h e m .  Y  ( w h i c h  is p o s s i b l y  e m p t y )  is r e s e r v e d  fo r  t h e  co l l ec t ion  o f  

( j -, p r o j  ( O )  w i t h  f r a c ( . t )  =  0 a n d  /  <  « (i .  e. , p r u j  ( / )  =  r : , fo r  0 i 〈  n  )• W e  a s s u m e  t h a t  Y, e x c e p t  fo r  

Y is n o n - e m p t y  (i .  e. . Y-, =  0  w i t h  / > 0  is o m i t t e d ) , a n d  Y , ' s  a re  s o r t e d  by  t h e  i n c r e a s i n g  o r d e r  o f  f r a c ( t )  

( i. e. , f r a c ( t )  <C f r a c ^ t ' ) fo r  C.r. J^roj ( / ) )  G  Y,,, a n d  ( s ' , / t r o j  ( / ' ) )  G  ) .  W c  h a v e  d i ^ i  (u )  =  Y tl ,Y,  , •••, 

Y„, . N o t e  t h a t  m  <  k s inc e  each  c lock  in X  a p p e a r s  e x a c t l y  once  in Y,, .Y |  .Y,„ .

A w o rd  in ( 2 Ax,,,n̂ (,,,) ; ' is ca l l ed  a F o r  s i m p l i c i t y ,  weclef ineY〇 =  { (x , r〇 ) | G

X is t h e  in i t i a l  d i g iw o rd  w h ic h  c o r r e s p o n d s  t o  al l  c l o ck s  w i t h  t h e  ini t i al  v a l ue  0.

Def in i t ion  14. Le t  y  =  Y : …y„,.Y’’ =  y ’ …y' , , ,’6 ( 2 . 、. ’机'’11) ; ' l ) e  d ig iw o rd s .  W t - d e f i n e s  

a t i o n s  a s  fo l lows .

• I n s e r / ,  Le t  Z  6  2 s w i t h  ( a . / - , )  G  Z  fo r  x  G X .  b i s e r l , ( ,Y , Z )  i n s e r t s  Z  to  Y s uch  tha t  

( e i t h e r  t a k e  t h e  un ion  of Z an d  Y fo r  j >  0 . o r  p u t  Z a t  a n y  p lace a f t e r  Y

if i is odd

I t a k e  t h e  u n i on  o f  Z an d  Y,, if i is even

• D ele te  d e l e t e ( Y  . x )  (o r  jc G  X  is o b t a i n e d  f r o m  Y  b y  d e l e t i n g  t h e  e l e m e n t  ( j r  . r )  i n d ex ed  b y  x  .

• P e r m u t a t i o n  A onc- s t e i )  p e r m u t a t i o n  Y = > Y '  is g iv en  by  => =  U • d ef in ed  b e l ow .  W e  d e n o t e  

m c i Y , )  fo r  Yt in w h ic h  ea ch  r, is u p d a t e d  to  r,. | fo r  i < i  2k \ .

( ^  ) y ^ . y ^  =  0 m r ( y , , ) y 1- y „1 .

( )  y ^> ,y '  =  /??£-(y„,)mc(y〇)Y, i .

T h e  fo l l o w in g  is t h e  e n c o d i n g  f r o m  a f c N e T A  to  a  T P D A .  G iv e n  a  f c N e T A  N  =  (T,A〇 , X , C , A )  w i t h  C  

= 0  an d  no  p u s h  r u l e s .  E ( N )  =  (Q ,g, )  . V )  . a s  t h e  t a r g e t  o f  I ' F D A  en c o d i n g  o f  N  , s u c h  t h a t

• Q  =  T =  ( J  Q (  A , ) X ( 2 X> . T h e  f i r s t  p a r t  is t h e  se t  of  all c o n t r o l  lo c a t io n s  o f  T A s  in  T.

1' l ie s e c o n d  p a r t  is t h e  set  of d i g iw o rd s .  N o t e  t h a t  b o t h  Q  a n d  T a re  fini te.

• ~  ) , Y  ) . ) is t h e  ini t i al  c o n t r o l  loc a t io n  o f  t h e  ini t ial  T A  A . T h e  fo l l o w in g  d ig i 

w o r d  c o r r e s p o n d s  t o  al l  c lo ck s  w i t h  t h e  ini t ial  v a l u e  0 .

• X" =  0  is t h e  e m p t y  set .

• V c o n s i s t s  o f  r u l e s  be low.

Loca l  ( q . Y )  ( q , Y ，) fo r  .

Local  ( q . Y )  — {q , Y )  , if ( q , e » e - q '  •£)) 6 - A (  . V ) .

Local  ( q . Y ) — <(/  , Y )  , if ( .q ,e ^ x  ^  / ? - ^ / - e ) )  G  A ( N )  , r, ^  /  an d  ( x »r , ) ^  Y  .

Local ( q - Y ) —--*■ (q  , insert i ((Je le te(Y  , j : )  - \ ( j r , r , ) } ) )  , \{ ( q ,E ,x  I . q ' G  A( N )  an d  r, ^  7 .
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P O p ( l r - d ) p o p (x ,x )

Figure 7 Encoding a IcNeTA to a DTPDA.
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Pu sh  ( q . Y )
/wshUq.Y ))

Ix.pUq . Y ' ) ) )

<^〇 (A,-) , y 〇> , if ( q , e  i f  p u s h  ,q 〇( A , )  , q )  6  A ( N ) .

P o p  < (7, Y  > {q , Y ' ) , \{ ( q  ,q  , p u p  ,q '  , e ) )  ^  A ( N ) .

T h e  ini t ial  co nf i gu ra t i o n  o f  th e  en coded  T P D A  i s 〈y〇，e 〉•

D efin i t ion  15. L e t  N  be  a  f c N e T A  (T,A〇 . X , C ,  A) w i t h  C  =  0  and  no  p u s h  r u l e s ,  an d  let  S ( N )  l)e a T P -  

D A  ( Q . q , , r . X ' , V )  . F o r  a  c o n f i gu ra t i o n  k =  o i  N  s uch  t h a t  =  (r/, . 0  ,i/j ) ••• (g„ ,0  ,y„) , k ,

d e n o t e s  a c o n f i g u r a t i o n  ( ( q . c l i g i  ( u ) )  >vl' (k ) >/u) 〇 ( S ( N ) ,  w h e r e  f/, G Q ( A , )  andz t ' ( /c )  =  tt', w i t h  t c , =  

{q, u l i g i  Cv,) ) .

A f c N c T A  has  no  P u sh .  G l« l)a l- te s t . G loba l-a ss ign . G loba l- load  an d  C loh a l - s to re  rules .  In a t im e  p r o g r e s s  

t r a n s i t i o n ,  t h e  s t a c k  o f  t h e  f c N e T A  will  s t a y  t h e  s a m e  s ince  c lo cks  a re  f - pu shed .  W e  can  p ro ve  t h a t  t r a n s i 

t i on s  a r e  p r e s e r v e d  an d  re f l e c te d  by  t h e  encod ing .

L em m a 2 . F o r  a f c N e T A  N  , i t s  en coded  T P D A  S ( N )  , a n d  co nf i gu ra t i o n s / c  , k of  N

• (P r e s e rv a t io n )  if k --------*■ k ' » t h e n  k _ -----k : , an d

• (R e f le c t io n )  if k ------q , t h e r e  ex i s t s / c '  w i t h  g-----*■: k an d  k ---- *■* k .

By t h i s  e n c o d i n g ,  w e  have  t h e  fo l lowing  th e o r em .

T heo rem  2. T h e  r ea ch ab i l i ty  of  a f c N e T A  is decidab le .

4 . 3  lcNeTAs

G ive n  a I c N e T A  N  =  ( T , A„ , X , C .  A) w i t h  ( '  =  0  an d  no  fp u sh  r u l e s ,  w e  de f ine  S ( N )  =  ( S , s 〇 , T . X ^ , 

V> , a s  th e  t a r g e t  of  D T P D A  en cod ing  of N  , s u ch  th a t

• s = r =  \ J Q C A ,  ) is t h e  se t  o f  all co n t r o l  s t a t e s  o f  T A s  in T .
A ; 6  t

• 5〇 =  g〇(A〇) is t h e  ini t ial  c o n t r o l  s t a t e  of t h e  init ial T A  A〇 .

• X" =  X  U {cl\ is t h e  un ion  o f  set  o f  local c locks a n d  g lobal  c locks  an d  a special  d u m m y  c lock  d  to

fulfi l l  t h e  field o f  p u s h  an d  p op  ru l e s ,  w h o s e  va lue  doe s  not  m a t t e r .  X  =  {x\ . , x k ) is th e  se t  of

k local  c locks .

• V is t h e  un ion  [ J  A ( A ; ) (J H ( N )  w h e r e
a, e r

A ( A , )

H ( N )

Pu sh  q

= {L oca l .  T e s t ,  A ss ign . Value-pass ing

co n s i s t s  o f  ru l e s  be low.  

p u s h ( q , d )  fiush ( x \  , x \ )  /ntsh ( j . k ，srk )  • [ ( ) . 0 ] [0 ,0 ]
q,XAi ) . \{ (q  push  , q A A / ) ,

q )  6  A ( i V ) .

p o p ( j ：k ^
P o p  q —

/x>pLr\ j.r\ ) / x t p i q . d )
q  , if , p op  ,q  G A ( N ) .

E xam p le  6 . T h e  I c N e T A  in F i g u r e  6 is encoded  into a I)丁P D A  in F i g u r e  7. T h e  en coded  p u s h  t r a n s i t i o n s  

f r om  q\ t o  ql  an d  f r o m  q) t o  qi a re  omi t t ed .

p u s h ( q l ，d) push{y,  y) [0,0] [0,0]

@

€
0

,
5

1
?

H 
T
00
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D efin i t ion  16. Le t  N  be a l c N e T A  ( 7' ,  A  A )  w i t h  C  =  0  a n d  n o  {push  r u l e s  an d  let  N )  be a D T -

P D A  < S ，.s'0 ，r ，X ’，▽〉• F o r  a c o n f i g u r a t i o n  at = ( 〈g ，p ，" > ，x») o f  iV s u c h  t h a t  = ( % ，1 … ）… （g „ ，1 .v„ ) ，i:/c:

d e n o t e s  a c o n f i g u r a t i o n  (( /，ic’（/ c ) ，/i) of  S ( N ) , w h e r e  w ( k ) =  W\ w i t h  vj , =  (jt* .v, (_r*)) ••• (：f| ，

vi ( j -* ) ) ( ( / ,  , 0 ) .

A l c N c T A  h a s  n o  F -P u s h ,  G lo b a l - t e s t .  G lob a l -a s s ig n ,  G lob a l - lo ad  a n d  G lob a l - s to re  ru le s .  W e  can  p ro ve  

t h a t  t r a n s i t i o n s  a re  p r e s e r v e d  a n d  r e f l ec t ed  b y  t h e  en co d ing .

L em n ia  3.  F o r  a l c N e T A  N  . i t s  e n c o d e d  D T P D A  S ( N )  , a n d  c o n f i g u r a t i o n s / c  . k o f  N

• ( P r e s e r v a t i o n )  i f / c ----*■ k ' » t h e n  i / c j ------ ，an d

• ( R e f le c t io n )  if k ----► ' q , t h e r e  ex i s t s / c '  w i t h  g-------k [ a n d / c ----------- k ' .

T h eo rem  3. T h e  re a c h a b i l i t y  o f  a l c N e T A  is dec idab le .

5 General undecidable results

F o r  s h o w i n g  t h e  u n d e c i d a b i l i t y ,  w e  en cod e  t h e  h a l t i n g  p r o b l e m  of  M i n s k y  m a c h i n e s  [ 1 0 ]  i n t o  th e  r e a c h 

ab i l i ty  of  a N e T A .

Def i n i t i on  17 ( M i n s k y  m a c h i n e ) .  A  M i n s k y  m a c h i n e  A4 is a  t u p l e  ( L , C , D )  w h e r e ：

• L is a  f in i t e  se t  o f  s t a t e s ,  a n d  l ,  ^  L  is t h e  t e r m i n a l  s t a t e ,

• C  =  {c/i , r t 2 } is t h e  se t  o f  t w o  c o u n t e r s ,  an d

• D  is t h e  f in i t e  se t  of  t r a n s i t i o n  r u l e s  o f  t h e  f o l l o w in g  t y p e s ,

i n c r em en t  c o u n t e r  d ,  : ( • / : =  +  1 ，g o t o  lk ，

te s t -a n d -de c r em e n t  c o u n t e r  cl, • if ( r f  >> 0 )  t h e n  (c t  ： =  c/ — 1 ,  g o t o  Lk) e l s e  g o t o  , 

w h e r e  ct ^  C  , cl, ^  D  an d  lk »/„, G .

By t h e  N - w r a p p i n g  l echni ( ]ue [ 1 7 ] ,  a M i n s k y  m a c h i n e  ca n  he e n c o d e d  in t o  a N e T A  N  =  ( T . A „ , X . C ' .  

△ ) .  w i t h  丁 =  {A 。，A 1 } w h e r e

• S (A 〇 ) =  {<?, I 0 <  ? <  6} , X (A 〇 ) =  { j：/ ,x p } , SCA!) =  {g, I 7 <  f <  12} , X ( A j ) =  {xi ,clum !} , 

S ( )  =  {q, I 13 <  / < ： 15 } , a n d  X ( A 2 ) =  {clum 2 . w h e r e  t h e  d u m m y  c l o ck s  c/w/;/, 's a re  p r e 

p a re d  fo r  f u l f i l l i n g ^  =  2 .

• X  | =  2 . W e  i n t r o d u c e  d i f f e r en t  n a m e s  o f  2 local c l o ck s  to  c l a r i fy  t h e  c o n t e x t .

• C  =  { r 1VJ , c v ) w h e r e  cJV, is a s y s t e m  c lo ck  t h a t  wil l  b e  r ese t  to  ze ro  w h e n  i ts v a l ue  b e c o m e s  N ； c v e n 

co des  v a l u e s  o f  t w o  c o u n t e r s  a s ^ C r , , )  =  2 1,1 • 3— .

D e c r e m e n t i n g  a n d  i n c r e m e n t i n g  t h e  c o u n t e r e d  a re  s i m u l a t e d  by  d o u b l i n g  a n d  h a l v i n g  o f  t h e  va lue  o f  the  

c lock  cv , r e s p e c t i v e l y ,  w h i l e  t h o s e  f o r r f 2 a r e  s im u l a t e d  b y  t r i p l i n g  an d  t h i r d i n g  t h e  v a l u e  of c lo ck  Zero -  

t e s t  o f  ct\ is s i m u l a t e d  b y  ( 1 )  m u l t i p l y i n g  t h e  v a l ue  o f  cv by  a  p o w e r  o f  3 ,  an d  ( 2 )  c o m p a r i n g  it w i t h  3 . S i m 

i l ar  fo r  c tz . T h e s e  o p e r a t i o n s  a r e  f o r m a l l y  d e s c r i b ed  b e low.

D o u b l i n g ： In i t i a l ly  vCc,,,,) = 0  a n d  v(c.,..) =  c / w i t h  0 <C t /<C 1 . T h e n  t h e  d o u b l i n g  t h e  v a l ue  of cv is o b t a i n e d  

a t  t h e  e n d ,  a s v ( c svs) = 0  a n d i / ( r , , )  =  2d .

6  [ N , N ] ?  cv - -  [ 0 . 0 ]  c,y, 6  [ iV ,N ]?  csv, < -  [ 0 . 0 ]  x, - -  c, f  — /jusIi
q « ------------------- **---------------- ** Q \ --------------------- v ----------------------------------**

cv.. e  [〇 , 〇]? r, e  [ n . n ]? ix,p cv e  [ n . n ]? -  j-,
q - q i ------------------- *• q»q2 ------------------- ** qi — > q z ------------------- -------------- *■

ry, e  r‘v,— [〇 ,〇]
<73--------------------- ^ c / >

H a l v i n g ： D u r i n g  h a l v i n g  t h e  v a l ue  ofc '„,  it w i l l  be  n o n d e t e r m i n i s t i c a l l y  s t o r e d  t o x /  in a f ro ze n  T A .  W h e n  

cJVS is r e s e t  to  z e r o ,  x ,  w i l l  be p o p p e d  to r e s t a r t .  O n l y  if t h e  va lu es  o f - r y an d  cv co inc id e  ( i .  e. , t h e y  r e a ch  N  

t o g e t h e r ) , t h e  v a l ue  o f  cv b e c o m e s  c l / 2 w h e n  csy> is w r a p p e d  twice .

ft. 6  [iV..；V]? c, -- [0.0] x , ■>- cv <•„<-[0,0] / — push cv 6  [〇•〇]?
------------------- *■---------------- M i -------------------------------*• q z -------------m ! ----------------- **

r™ e  [ . v . , v ] ?  <■,„—[〇 , 〇] p〇 p c,v, e  [〇 .〇]?
(b 9 2 --------------------- -------------------- *• ----- h ------------------- *"

cv e  [ N , N ] ?  x r  e  [ N . .V ] ?  « • „ - [ 0 , 0 ]  e  [ N . N ] ?  t•吵 — [0 -0 ]
> q ' --------------------- *■-----------------

T r i p l i n g ： T r i p l i n g  r e q u i r e s  an e x t r a  local  c lock  j -/, in A .
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Ci 6  [ N . .V]? c, •>- [0.0] c>y> 6  [ N . ；V]? <■,、,，•<-[0•0] .r, r, f  — push
(j〇 ------------------- **----------------M i -------------------- --------------------*•----------- > q i -------------**

r,v, e [〇.〇]? 6  [N ,N]?  M )  r„ 6  [N .N]?  <% -  x ,  ：r „ — [〇,〇]
(]7 c/2-----------------** 98 (12 ---------------- *■ q9 q>----- > q -i----------------- **----------

c,y, 6  [N .N]? csyy [〇.〇] X j  * -  c, c,  * -  .r/, y — push cty> 6  [〇•〇]?
( h ------------------ *■--------------- > ----------------------- h ----------- ^qu>(/i---------------- *•

c  6  [N .N]? p o p  cv e [N..V]? Cv -  X ,  rJV! 6  [N,.V]? f‘v, — [0.0]
^ 11̂  ------------------- *• 912^1 ----- * cl  \ ------------------- *■------------*-9 n -------------------- *•-----------------

1 h ire l ing： T h i r d i n g  re qu i r e s  an e x t r a  T A  A 2 w i t h  a local d o c k  jt] .

c,. 6 [N..V]? ‘ . —[0,()] .r, 和  < c\.和 [〇 ,〇] f  一  push c, e  [〇 .〇]?
> > A (/2 ^ (J 7 7-

•n — 〜 ♦ -[〇 •〇 」 f  - push c, e  [〇 •〇]?
V8C/2 ， ， 例 Z > (l 13 9 i

f/H
c,v, e  CN，N]? pop e  [〇 .〇 ] ：►

lb  Q2 ( h cr:
c： e  [ n , ；v]? x, e  [.v..v]? C, - [ 〇 ,〇] e  [ n ，n ]? Cyy> [〇•〇] _

(h ~ ^  cl\ i Qz

<h
c.sy, e  [〇 ,〇]? <-v e  [ n , n ]? x f e  i n .N i i <•„—[0,0] Cy, , e  [<v,.v]? r»y, — [〇 .〇]

6 Advanced decidable results

In th i s  se c t i on  w e  s h o w  tw o  dec i dab le  case s  of N e l ' A s  w h ich  co n t a i n  m o r e  t h a n  o n e  k in d s  of c locks .

6 . 1 ( g c + l c ) N e T A s

A  ( g c + l c ) N e T A  is a N e T A  h av in g  no fpush  rules .  In t h i s  s u b s e c t i on  wc  p r o v e  a ( g c + l c ) N e T A  is d e 

c idable  by  en co d ing  it t o  a  D T F D A .  N o t e  lh a t  th i s  en co d ing  is s im i l a r  to ih e  I c N e T A  case  ex cep t  t h a t  a ( g c  

+  l c ) N e T A  have  g lo ba l  t r a n s i t i o n s  w h ic h  need  to  be  encoded .

Given  a ( gc +  lc) N e T A  N  =  ( 7 ' ,  , X , C ,  A) w i t h  no  fp u sh  ru l e s ,  w e  de f ine S ( N )  =  ( S . s 0 .T■.X' - V ) ,

as t h e  t a rg e t  o f  D l ' P D A  en co d ing  of N  . su ch  tha t

• s  =  r  =  U Q(A , ) is t h e  set of all co n t r o l  s t a t e s  of  T A s  in 丁.
A,er

• s =  q (A  ) is t h e  ini t ial  co n t r o l  s t a t e  of  t h e  ini t ial  T A  A .

• X" =  X U U i-s un ion  of s e t s  of  local c lo cks  and g lobal  c locks  an d  a special  d u m m y  clock

d  t o  fulfi l l  t h e  field of pus l i  a n d  pop  r u l e s ,  w l iose  va lue  doe s  not  m a t t e r .  =  {〇*! . .  . . . x k ) is th e

se t  o f  k local c locks .

• V i s  t h e  un ion  A ( A , )  [ j  G ( N )  U H ( N )  w h e r e

A( A , ) =  {L oca l .  T e s t .  A ss ign . V alue -pass ing  J ,

G( .V) =  G loba l- te s t  .G loba l-ass ign  .G loba l- load  .C lo l ia l - s to re  .

H (  N )  c o n s i s t s  o f  ru le s  be low.

push ((/•(!) push (J*i .jti )
Push  q -------------- ► -------------------►

q )  e  A C N ) .

/)〇/j ( ,  r* ) jx)p{x\ n.i'\ )
Pop  (/ *■ •••

p a s h I x t t i t t )  .j-： [〇.〇] xk -  [ 〇.〇]
q (A  ) . if ( q . e . p u s h  ) ,

q . \[ ( ,q .q  . p op  ,q  . e ) ) ^  A ( N ) .

D efin i t ion  18. Let  be a ( g c + l c ) N e T A  ( T . A 〇 . X . C . A )  w i t h  n o  fp u sh  ru le s  an d  let S ( N )  be a D l ' P D A  

〈S ，5〇，r ，X '  •▽> . F o r  a c o n f i gu ra t i o n  ac =  ( ，r )  o f  -V su ch  t h a t  t; =  (<y】，1 ，1 .i/„) ，i/c. d e 

no t es  a c o n f i gu ra t i o n  (q,w (k) /̂j) oi S(N)  w h e r e  zr(/c) =  tc, w i t h  u 1, =  (a** .w, ( 〇•<.))••• (.T| .vi Ca'i.) ) ( ( / ,  *

0 ) .

W e  can  p ro ve  t h a t  t r a n s i t i o n s  a rc  p re s e rv ed  and ref l ec ted  b y  t h e  encod ing .

L em m a 4 . F o r  a ( g c - h l c ) N e T A  N  , i t s  en coded  D T P D A  S ( N )  . an d  c o n f i g u r a t i o n s  a: . k of  .V

• (P re s e rv a t io n )  i f k ----*■ k , t h e n  k \ ----- —V : ，an d

• (R e f le c t io n )  if k ----► .； g ,  t h e r e  e x i s t s /c； w i t h  q------ ►  ' k an d  k -----*■' k .

T heo rem  4. T h e  re a chab i l i ty  of  a ( g c + l c ) N e T A  is decidab le .
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6 . 2  ( l g c + l c + f c ) N e T A s

In t h i s  s u b s e c t i o n ,  w c  s h o w  t h a t  ev en  h a v i n g  all t h r e e  t y p e s  o f  c l o c k s ,  a N e T A  is d ec i d ab l e  iff it c o n t a i n s  

o n l y  o n e  g loba l  c l o ck ,  by e n c o d i n g  t h e  m od e l  to  D I ' PD A  F  w i t h  o n e  g lo b a l  c lock.

Le t  .V =  ( T . A „ , X . r . A )  b e  a N e T A  w i t h  | C  | =  1 . W e  de f in e  a c o r r e s p o n d i n g  D T P D A - F ^ ( N )  =  <S .  

s„ . T - X  .C' .  V> . s u c h  th a t

• S  =  r  =  i h e  se t  o f  al l  l o c a t i o n s  o f  T A s  in T ，with
e r

• s0 二 （/u (A,, ) is t h e  ini t i al  l o c a t ion  o f  t h e  ini t ia l  T A  A  of  N  .

• X  =  {.Ti .•••.x* t is t h e  set  o f  k local  c l o c k s ,  a n d  ( '  is t h e  s i n g l e t o n  se t  { r } .

• ▽ is t h e  un ion  U  △(▲,) U G ( i V )  U H ( i V  ) w h e r e

I A( A , ) =  {L oc a l .  T e s t .  As s ig n .  Va lue -pass ing  .

< G (  N )  = _ ' (;lol)i“- t e s t .  G lol )a卜a s s i g n • G l« l )aHo a( l .  Gl»h i“- s t « r e } ，

H (  N )  c o n s i s t s  o f  r u l e s  be low.

push (q)
Push  q ------------•■qnCA,) , ( q -e • (ntsh ,(]„( A , ' ) , q )  6  A ( N ) .

/ push ( q) •
F -P ush  (/ -------------► £/„(A,0 , \[ ( q  .e - f - p u s h  . q ^ C A j )  , q )  G A ( N ) .

l)〇l)( q’、 f • r • ,
Pop  q ------------►  q • i f ( ( / .  r/ n p o p  .q  . e ) )  ^  AC i V) .

Def i n i t i on  19. Le t  N  be a N e T A  ( 7 ' .  A 〇, X , C .  A)  a n d  let E ( N )  be a D l ' P D A  P' <S . . \„ , r . X . C ' .  V )  . P'or a 

c o n f i g u r a t i o n  k ( ( q . v . / i )  , v )  o f  N  s u c h  t h a t  v  =  (fy, . f l a g ^  .i/, )•••((/„ -v,,) . k \ d e n o t e s  a conf igu ra^

t ion  ( f / ，tc’（.y) .v  U /乂） wh er ec / ,  6  S ( A , )  a n d t e ( . u )  =  t t ，i … w" w i t h i t ，，=  ( g , ，p, •//叩 -,)•

lAnimi i  5.  F o r  a ( g c + l c + f c ) N e T A  ‘V wi t h  o n e  g lo ba l  c l o c k ，it s e n c o d e d  D T I ) I ) A  .V) . a n d  co i i f igu ra-  

t i o n s  k • k o l  N

• ( P r e s e r v a t i o n )  if k -----*■ k ' . t h e n  k ----- ► J k , an d

• ( R e f l e c t i o n ) if k -~ g-  t h e r e  exi st s/ c"  wi l l i  q—̂ ►  ' k a n d  k -----*■ ' k .

The de ta i l e d  prejof is in A p p e n d i x  A.

By t h i s  e n c o d i n g ,  w c  have  t h e  fo l l o w in g  re su l t .

T h e o r e m  5. T h e  r e a chab i l i ty  o f  a N e l ' A  ( T . A  . A^ . C' . A)  is d e c i d a b l e ,  if ( I =  1 .

7 Related work

A f t e r  丁A s  [  1 ]  ha d  been  p r o p o s e d ，lo t s  o f  r e s e a r c h e s  w e r e  i n t e n d e d  t im e d  c o n t e x t  sw i t c h e s .  丁P D A s  

w e r e  f i r s t ly  p r o p o s e d  in [ 2 ^ .  wl i i ch  e n j o y s  d ec i d ab i l i ty  o f  r e a ch ab i l i ty  p r o b l e m .  D a n g  p ro ved  in L l 8 ] t h e  

d ec i d ab i l i ty  o f  b i n a r y  r e a ch ab i l i ly  ( i .  e. . t h e  set  o f  all p a i r s  o f  c o n f i g u r a t i o n s  s u ch  t h a t  one  can  reach  t h e  

o t h e r )  of  I ' PD A s .  Al l  c lo ck s  in T P D 八s w e r e  t r e a t e d  g l o b a l l y ,  w h i c h  w e r e  not  a f f ec te d  w h e n  t h e  c o n t e x t  

sw i t c h e s .

O u r  m od e l  re l ied he av i ly  o n  a r e cen t  s i gn i f i can t  r e s u l t ,  n a m e d  d en se  t i m e d  /)ushdoZL'ii a u t o m a t a  ( D T P  

D A s )  [ 3 .  12 ] .  The d i f f e r en ce  l ) c tween  D T P D A s  a n d  N e T A s  w a s  th e  h ie ra rc h i ca l  f e a tu re .  In  N e T A s .  a  fi 

n i t e  se t  of local  c lo ck s  w e r e  p u s l i c d  in t o  t h e  s t a c k  a t  t h e  s a m e  l ime.  W h e n  a  p op  ac t i o n  h a p p e n s ,  th e  va lu es  

of c l o ck s  b e l o n g i n g  to  p o p p e d  I 'A w e r e  p o p p e d  s i m u l t a n e o u s l y  an d  r e u s e d .  I ' his  f e a t u r e  ca s ed  m u c h  fo r  

m o d e l l i n g  t h e  b e h a v i o r  o f  t i m e - a w a r e  s o f tw a r e .  In D T P D A s ,  local  c lo ck s  m u s t  be  dea l t  w i t h i n  s o m e  p r o p e r  

b o o k k e e p i n g  p r o c e s s ,  w h ic h  w a s  no t  e s s e n t i a l  p a r t  o f  th e  an a ly s i s .  In  L19」，a d i s c r e t e  v e r s ion  of I ) T I ) D A s ， 

n a m e d  d i s c r e t e  t i m e d  p u s h d o w n  a u t o m a t a ' N n s  i n t r o d u c e d ,  w h e r e  t i m e  w a s  i n c r e m e n t e d  in d i s c r e t e  s t e p s  

a n d  t h u s  t h e  a g e s  of  c l o ck s  a n d  s t a c k  s y m b o l s  a re  in t h e  n a t u r a l  n u m b e r s .  T h i s  m a d e  t h e  r e a chab i l i ty  p r o b 

l em m u c h  s i m p l e r ,  a n d  ea s i e r  fo r  e f f i c i en t  i m p l e m e n t a t i o n .

Bas ed  o n  r e c u r s i v e  s t a t e  m a c h i n e s  [ 2 0 」. t w o  s im i l a r  t im e d  e x t e n s i o n s ,  t i m e d  r e c u r s i v e  s l a t e  m a c h i n e s  

( T R S M s )  [ 9 J  a n d  r e c u r s i v e  t i m e d  a u t o m a t a  ( R T A s )  [ 8 ] .  w e r e  g iv en  i n d e p e n d e n t l y .  In t h e s e  m o d e l s ,  

c o n t e x t s  w e r e  ex p l i c i t ly  de f in ed .  T h e  f in i t e n u m b e r  o f  c lo ck s  w a s  d i s t i n g u i s h e d  in to  tw o  c a t e g o r i e s ,  call 

b y - r c f e r e n c e  a n d  ca l l -hy -va lue .  W h e n  e n t e r i n g  a fr cs l i  c o n t e x t ,  c lock  v a l u e s  w e r e  s t o r e d  in t h e  s t a ck .  A f t e r
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Appendix A. A Proof of the Lemma 5
Lemma 5. P'or a ( g c + l c ~ r  fc) N e T A  N  w i t h  one  g lo ba l  c l o c k ,  i t s  en co d ed  D T P D A  S i N)  . an d  c o n f i g u r a 

t i o n s  k  ̂ k oi  N

• ( Preservation) if k -----*■ k ' . t h e n  k ----- ►  ' k . a n d

• ( Reflection) if /c ----- ►  ' g.  t h e r e  e x i s t s / c '  w i t h  q----- : k' a n d  k ------- *■ k' .

P/-〇o / : L c t / c  =  su ch  th a t  = ( % • / / “《 ）.v, . a n d 【/c =  U " )

w i t h t c ( z ; )  =  (cji , fla^;  ̂ .v„ • f l a g  „ ) .

T h e  preservation p a r t  is p r o v e d  b y  case  a n a l y s i s  of  k > k ' • W c  omi t  s o m e  s im i l a r  cases .

i f  - . 一  i

• Progress transition ： k ----- > k =  ( 〈f/, v +  / •/乂 +  / 〉 +  / ) • W e  have  =  (q . w ( v )  .v U ^ '  (q.

+  / ，( p U " ) + ' )  =  ( 7 , 议，( u  ，) , ( p +  z ) U (/乂+ ，) )  =  I V h

.? •■<-/ f , 「 n JC I , —
A s s i g n ： /c--------- =  ( ( q  J 」，" 〉，卩)• T h e n  k --------- ( q ，ic，( 卩) ，(v U " ) ― 7」) = ( 9 ,

iv(v)  ,v[_x n  [j ^  =  k' ■

Global-load： k-------*-k ' =  ( ( ( /  -i-[.r ■«-- //[(']] -/̂ ) -v) . T h e n  k -------► ( ( / ，“  U p)[-r — (v U

/ ^ ) ( c ) ] )  =  (g,t£. '(7；) .v [ . r  ^ ( r ) ]  U /i) =  K .

Push ： K
push

( 〈(/0 (A, .  ) ， . " 〉，<(/• 1 ，i/〉. -l>) . T h e n -*• (f/,, ( A , ' ) . (</.v .  1) .  xv(v ) .

(v U ) =  ( i /,1 ( A,'  ) .ZC'((e/,l^. 1 ). v)  U  / i )  =  K ； .

• Pop： /c =  i i q  >v>n) • { q \  f l a g  . J ). v  ) k ' — (,{q •/j.) , v  ) . T h e n  k =  ( , (] . ( ( / -v > f l a g ) .

vl' ( v ' ) , j /  I J  / ^ )  1 ^  q > ( r /  . x L ' i v  ) .  ( v  U  / ^ )  [ x  v ] )  =  ( . ( /  , v c i v ' ) U  JJi) =  . . / / 】 • •

F o r  t h e  reflection p a r t ,  we  p r o v e  a  s t r o n g e r  o n e ： if k ----- *■ q . t h e r e  e x i s t s  k w i t h  〇=  k . an d  k ----- ►

k . 7 he reflection p a r t  is o b v i o u s l y  t r u e  by  in d u c t i on  if t h i s  on e  ho ld s .  W c ana lyze  k  ----- ►  o cas e  l>y case

an d  omi t  s o m e  s im i l a r  cases .

• Pro g re s s  t r a n s i t i o n  ： k ----- ►  〇 =  ((] ,za ' (v )  +  / .C i / [ J  j i )  —t )  =  (ci 1 ) . l )  U  ( ^  +  / ) )  . T h e n

t h e r e  e x i s t s  k =  (.{q>v +  t , t ) - ,v-\-1) w i t h  k a n d  k ----- *■ k ' .

• Assign  ： {k --------- ►  q=  ( q . zl' ( v ) . ( U /^ ) [ x  / ] )  . S u p p o s e s  ^  X , t h e n  t h e r e  m u s t  be  a c o r r c

s p o n d i n g  a s s i g n  t r a n s i t i o n  in th e  o r ig i na l  N e T A  ( q . e , . r * -  I  , q '  . e )  w i t h . r  G X.  W c  have  k =  ( ( q \

i；[ j . — / ] ，" > ，t0  w i t h  ，u ，( t O ，y [ . r — /  | (J " )  =  k ' and k ----------- *-k ' . T h e  o t h e r  cas ea -  G  (■ is

s im i l a r  w i t h  t h e  g l o h a 卜a s s i g n  t r a n s i t i o n  in t h e  o r ig in a l  N e T A .

fiush ((/) , 一 , _  •
• Push  ： k ------------ ►  q =  ( q  A q . v n ] ) .  w ( v ) . (v U fi) ) =  ((/ A c ] ^ n \ ) . w ( v )  .\ t̂) U /^) . I ' h e n  in t h e

N e T A .  a  p u s h  ru l e  ( q  .e •/ ) u s h - q ^ A ,  ) . q )  e x i s t s  w i t h  q =  q A A , )  . H e n c e  t h e r e  e x i s t s  k =

, ,  fius/i ,(<7 (A,  ) .i  ̂ ./.<), <f/. 1 <i/>. -u) w i t h  k a n d  k ----- k .

• P o p : 【（ = (<y • 〇/  •/ . / / “#  ). u ，( i /  ) ，v U jx) ( ( / ) ，(v U —  i / ] )  =  ( f / ) ，

v' U  /乂）. IHcn  in the  N e T A .  a p o p  ru l e  (,q. ( /  . p o p  , q r , e )  ex i s t s .  H e n c e  t h e r e  e x i s t s / /  =  ( 〈c / . i / .

/ i)  •v，) w i t h  q =  k a n d  k == ( (c / . v . / i > »<(/'  ̂f l a g  , i ' ) .  v  ) 1 1 *■ k ' .
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